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ABSTRACT
We present a novel blended B-spline method to construct bicubic/tricubic splines over
unstructured quadrilateral and hexahedral meshes for isogeometric analysis. C1 and (truncated) C2
B-spline functions are used in regular elements, whereas C0 and (truncated) C1 B-spline functions
are adopted in boundary elements and interior irregular elements around extraordinary
edges/vertices. The truncation mechanism is employed for a seamless transition from irregular to
regular elements. The resulting regularity of the blended construction is C2-continuous everywhere
except C0-continuous around extraordinary edges and C1-continuous across the interface between
irregular and regular elements. The blended B-spline construction yields consistent
parameterization during refinement and exhibits optimal convergence rates. Spline functions in the
blended construction form a non-negative partition of unity, are linearly independent, and support
Bézier extraction such that the construction can be used in existing finite element frameworks.
Several examples provide numerical evidence of optimal convergence rates.
REFERENCES
[1] X. Wei, Y. Zhang, D. Toshniwal, H. Speleers, X. Li, C. Manni, J. A. Evans and T. J. R.
Hughes, Blended B-spline Construction on Unstructured Quadrilateral and Hexahedral Meshes
with Optimal Convergence Rates in Isogeometric Analysis, Submitted to CMAME, 2018.
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ABSTRACT
Piecewise polynomial spline functions on triangulations and quadrangulations have myriad
applications and are ubiquitous, especially, in the fields of computer aided design, computer
graphics and computational analysis. Meaningful use of splines for these purposes requires the
construction and analysis of a suitable set of basis functions for the spline spaces. In turn, the
computation or estimation of their dimensions is useful which, following the definition of smooth
splines, depends on an interplay between algebra and geometry.
Of particular interest is the general case of splines with polynomial pieces of differing degrees.
This generalization is motivated by the observation that the resulting spline spaces would be
tremendously powerful in the contexts of both geometric modeling and isogeometric analysis. The
flexibility of such a framework would allow design of complex shapes with fewer control points,
i.e., cleaner and simpler designs; while for isogeometric analysis the same would lead to more
efficient analysis.
Using homological techniques [1, 2], we analyze the dimension of the space of non-uniform
degree piecewise polynomial splines on triangulations. Doing so, we generalize the frameworks
presented in [3, 4] to the setting of both mixed polynomial degrees and mixed smoothness.
Combinatorial lower and upper bounds on the dimensions of the spline spaces are presented, and
explicit dependence on the homology of the chosen non-uniform degree distribution is
underscored. In the special case of uniform polynomial degrees, the lower and upper bounds
coincide with those provided in [4]. Several examples are provided to illustrate application of the
theory developed.
REFERENCES
[1] Louis J. Billera. Homology of smooth splines: generic triangulations and a conjecture of
Strang. Transactions of the American Mathematical Society, 310(1):325–340, 1988.
[2] Louis J. Billera and Lauren L. Rose. A dimension series for multivariate splines. Discrete &
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ABSTRACT
Isogeometric analysis is a simulation paradigm aiming to reduce the gap between the worlds of
finite element analysis and computer-aided design. The key idea is to use spline representation
tools for both the modeling of physical domains and the approximation of the field variables of the
governing differential problems. Smooth tensor-product B-splines are a common choice. However,
the tensor-product structure puts severe restrictions on parameterizations and adaptive refinement.
This motivates the interest in alternative spline structures, for example, splines on triangulations.
In this talk we will discuss the construction of a suitable B-spline representation for smooth splines
on general triangulations [1–4]. The considered splines have smoothness r and degree p ≥ 3r – 1,
and are defined over a special refinement of the given triangulations. In such a refinement, called
Powell–Sabin refinement, every triangle of the triangulation is split into six subtriangles. The Bspline construction can be geometrically interpreted as determining a set of triangles that must
contain a specific set of points. The B-spline functions possess several interesting properties:
-

local support,
linear independence,
nonnegative partition of unity.

This B-spline representation exhibits a natural definition of control points and an intuitive control
structure in terms of local triangular nets. These triangular nets locally mimic the shape of the
spline surface, and hence they can be used in the geometric design of smooth surfaces. On the
other hand, such representation also presents interesting properties for engineering analysis. In
particular, the representation allows for:
-

stable evaluation and differentiation,
efficient triangular Bézier extraction,
optimal approximation and convergence,
adaptive local mesh refinement.

REFERENCES
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Design, 15, 61–78, 1997.
[2] H. Speleers, Construction of normalized B-splines for a family of smooth spline spaces over
Powell–Sabin triangulations, Constructive Approximation, 37, 41–72, 2013.
[3] H. Speleers, A family of smooth quasi-interpolants defined over Powell–Sabin triangulations,
Constructive Approximation, 41, 297–324, 2015.
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Geometrically continuous splines for modeling and analysis.
A. Blidia
We analyze the space of piecewise polynomial differentiable functions on a quadrangular mesh of general topology. This linear space of spline functions is characterized by
glueing data across the shared edges. We present algebraic techniques, which involve
the analysis of the module of syzygies of the glueing data, to determine the dimension formula of these spaces, for high enough degree. We present different explicit
constructions of basis functions for these spaces.
Applications to fitting problems and IsoGeometric Analysis are presented, showing
the influence of the different constructions on the numerical quality of the solutions.
This is a joint work with B. Mourrain and N. Villamizar.
• G1 -smooth splines on quad meshes with 4-split macro-patch elements, Ahmed
Blidia, Bernard Mourrain, Nelly Villamizar Computer Aided Geometric Design,
Elsevier, 2017, 52–53, pp.106-125.
• Geometrically continuous splines for surfaces of arbitrary topology, Bernard Mourrain, Raimundas Vidunas, Nelly Villamizar Computer Aided Geometric Design,
Elsevier, 2016, 45, pp.108-133

1

IGA 2018: Integrating Design and Analysis
October 10-12, 2018, Austin, TX

ISOGEOMETRIC ANALYSIS ON BEZIER TRIANGULATIONS
Xiaoping Qian
Computational Design and Manufacturing Lab
Department of Mechanical Engineering
University of Wisconsin-Madison
Madison, Wisconsin 53703
qian@engr.wisc.edu

ABSTRACT
In this talk, I will present our recent work on isogeometric analysis based on Bezier triangulations
[1, 2, 3, 4]. Our approach is based on macro-element techniques such as Powell-Sabin split and
Clough-Tocher split, where the dimension of the spline space over triangulations can be determined
by their connectivity. For a complex domain with non-uniform rational B-spline represented
boundary, we first create a polygonalization of the domain and then triangulate it. Over this
triangulation, we use macro-element techniques to obtain basis of higher-order continuity over the
domain. The boundary polygons are then replaced with curved rational Bezier triangles to obtain the
exact geometry. I will show both 2D and 3D numerical examples of smooth parameterizations and
their applications in isogeometric analysis. The applications include linear elasticity, phase-field
problems, and Kirchhoff-Love formulation based shell problems.
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ABSTRACT
As a new advancement of traditional finite element method, isogeometric analysis (IGA) adopts
the same set of basis functions to represent both the geometry and the solution space, integrating
design with analysis seamlessly. In this talk, I will present our latest research on volumetric spline
parameterization for IGA applications. For arbitrary objects, a new centroidal Voronoi tessellation
(CVT) based surface segmentation method is developed to build polycubes whose topology is
equivalent to the input geometry. First, eigenfunctions of the secondary Laplace operator (SLO)
are coupled with the harmonic boundary-enhanced CVT (HBECVT) model to classify vertices of
the surface into several components based on concave creases and convex ridges of an object. For
each segmented component, we then apply the skeleton information to define local coordinates and
include them into the HBECVT model to further segment it into several patches, with predefined
geometric constraints applied for valid polycube construction. Based on the constructed polycube,
we obtain volumetric control meshes via parametric mapping. After that, truncated hierarchical
spline basis functions are derived to enable analysis-suitability, including partition of unity and
linear independence. Furthermore, a blended B-spline approach is recently developed to construct
basis functions around extraordinary nodes, achieving an optimal convergence rate of IGA. The
developed pipelines have been incorporated into commercial software such as Rhino, Abaqus and
LS-DYNA for industry applications.
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ABSTRACT
Multi-patch spline parametrizations are used in geometric design and isogeometric analysis to
represent complex domains. We deal with a particular class of C^0 planar multi-patch spline
parametrizations called analysis-suitable G^1 (AS-G^1) multi-patch parametrizations (cf. [3]). This
class of parametrizations has to satisfy specific geometric continuity constraints, and is of
importance since it allows to construct, on the multi- patch domain, C^1 isogeometric spaces with
optimal approximation properties. It was demonstrated in [6] that AS-G1 multi-patch
parametrizations are suitable for modeling complex planar multi-patch domains.
W present a basis, and an associated dual basis, for a specific C^1 isogeometric spline space A over
a given AS-G1 multi-patch parametrization. We call the space A the Argyris isogeometric space,
since it is C1 across interfaces and C2 at all vertices and generalizes the idea of Argyris finite
elements (see [1]) to tensor-product splines. The considered space A is a subspace of the entire C1
isogeometric space, which maintains the reproduction properties of traces and normal derivatives
along the interfaces. It reproduces all derivatives up to second order at the vertices. In contrast to the
entire C1 isogeometric space, the dimension of A does not depend on the domain parametrization,
and A admits a basis and dual basis which possess a simple explicit representation and local support.
We conclude with some numerical experiments, which exhibit the optimal approximation order of
the Argyris isogeometric space A.
Joint work with: Mario Kapl (Johann Radon Institute for Computational and Applied Mathematics,
Austria), Thomas Takacs (Johannes Kepler University Linz, Austria).
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ABSTRACT
Spline parameterization of volumetric models is a fundamental problem in iso-geometric analysis.
In this talk, I will present a new solution to the difficult problem by applying various optimization
technique. The method consists of three steps. First, a harmonic map is computed from a cube to a
3D geometric model whose boundaries are expressed in B-spline forms. Second, a bijective
parameterization is computed by constraining the determinant of the Jacobian of the map is positive.
Finally, the parameterization is optimized using MIPS energy such that the parameterization has a
low distortion in addition to the bijectivity. Some examples are provided to demonstrate the
effectiveness of proposed method.
REFERENCES
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ABSTRACT
In numerical simulations local (adaptive) refinements are frequently used for balancing accuracy
and computational costs. Traditional B-splines and NURBS spaces are formulated as tensor
products of univariate B-spline spaces and therefore cannot address local refinements. In order to
break the tensor structure of the underlying mesh and achieve local refinements, a wide variety of
new formulations of multivariate B-splines have been introduced during the last decades.
One of these is the Locally Refineable B-splines, or LR B-splines, introduced in [1]. These
functions are defined as a natural extension of the knot insertion procedure to local splits. The
underlying mesh, called LR-mesh, is build through a sequence of local splits inserted into a coarse
tensor product mesh. Whenever a local split traverses the support of a B-spline, we use the knot
insertion algorithm to split it into new, finer B-splines that have minimal support on the new mesh.
This definition makes the refinement processes extremely versatile allowing any split insertion into
the underlying LR-mesh, provided that it traverses the support of at least one LR B-spline. In
particular, we can always guarantee, using non-so-restrictive conditions on the mutual position of
the splits, that the spline space, i.e., the piecewise polynomials with given regularity across the
splits, is fulfilled by the span of the LR B-splines.
However, the wide freedom in the refinements allows some undesirable configurations. Namely, if
we consider many LR B-splines nested into the support of other ones, we could fall into linear
dependence relations. In this talk, we will focus on those configurations resulting in linear
dependence relations of the LR B-splines and, more in general, of the minimal support B-splines.
We will show that the minimal number of LR B-splines and minimal support B-splines of degree
(𝑝𝑝, 𝑝𝑝) needed for a linear dependence relation are 8 and 6 respectively. Then, we will show that the
possible configurations with a linear dependence relation, using such 6 minimal support B-splines,
can be divided into 5𝑅𝑅 − 4 cases with 𝑅𝑅 = ⌊𝑝𝑝⁄2⌋ + 1.

Finally, we will present our future work and conjectures. Any linear dependence relation in the
minimal support B-splines, we believe, is a refinement of a configuration in one of the 5𝑅𝑅 − 4
cases. Knowing such cases, we would then have a complete classification of the linear dependence
for the minimal support (and so LR) B-splines on an LR-mesh.
REFERENCES
[1] T. Dokken, T. Lyche and K.F. Pettersen, Polynomial splines over locally refined boxpartitions, CAGD, 30, 331-356, 2013.
[2] K.F. Pettersen, On the dimension of multivariate spline spaces, SINTEF Report A23875, 2013.
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ABSTRACT
We describe a Penalized Boundary Method (PBM) for solving Elliptic Boundary-value Problems
on arbitrary shaped domains in two and three dimensions. The method may provide a viable
alternative to IGA for such problems. The domains are allowed to have holes, and the boundaries
need only be piecewise smooth. To use the method, we require only a description of the boundary
which is sufficient to generate a set of points on the boundary where the boundary conditions are
to be enforced. Any standard boundary conditions are permitted, including a mixture of Dirichlet
and Neuman conditions. The method can be used with a variety of approximation spaces
including tensor-product splines, splines on ordinary triangulations or triangulations with hanging
vertices (H-triangulations), or with piecewise polynomial spaces on T-meshes. Adaptive
refinement can be used with H-triangulations or T-meshes. The method does not require any
parametric map to the entire domain. It also does not utilize basis functions that vanish on the
boundary, and does not require stabilization of basis functions as is needed for example with WEB
splines.
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ABSTRACT
Electrostatic interactions of a molecule or macromolecule with an ionic solution are captured in
the polarization term of the total potential energy. Since treating each solvent molecule discretely
is extremely computationally expensive for a realistic number of molecules, a common and
experimentally useful model for this polarization interaction is the Poisson-Boltzmann equation
which treats the solvent as a continuous medium [2]. Discretizing space with a regular lattice, the
earliest solvers were based on finite difference methods. Later, finite difference approaches
incorporated multigrid techniques, and an alternate formulation to improve efficiency. However,
discontinuous coefficients and Dirac point charges often limit the accuracy of these methods.
Finite element methods eliminate some of these challenges by allowing the domain to be
discretized with a more geometrically accurate mesh.
Finite element methods have been developed and analyzed for the linearized and nonlinear
Poisson-Boltzmann equation. Both finite difference and finite element methods require a
discretization of three-dimensional space. If a uniform mesh of size h is used, then the number of
degrees of freedom is O(h3). Boundary element methods provide an alternative in which all
degrees of freedom lie on the molecular boundary and (for a uniform mesh) only O(h2) degrees of
freedom are needed. Moreover, Due to the special structure of the boundary element system, the
fast multipole method [36] can be used to efficiently approximate the necessary matrix-vector
products without creating the full matrix.
I shall discuss the solution of linearized Poisson-Boltzmann via a boundary element method and
analyze tradeoffs of accuracy and efficiency. The solution combines several key features which
produce meaningful electrostatics calculations with higher order and hybrid boundary elements.
First, the boundary formulation of the problem is used providing a well conditioned system for
iterative methods in linear algebra. Second, by defining the problem domain using $G^1$ surface
spline elements over unstructured hybrid polygonal domains, solutions only reflect a second
order geometric error from the domain approximation and numerically problematic hypersingular
integrals are avoided. Third, a fast multipole package, KIFMM3d, is used to efficiently
approximate dense matrix computations simplifying the algorithm by separating the details of the
fast multipole method from the rest of the scheme.
REFERENCES
[1] G. Xu, C. Bajaj, S. Evans
C1 Modeling with Hybrid Multiple-sided A-patches
Special issue on Surface and Volume Reconstructions in the International Journal of Foundations of
Computer Science, 13, 2, (2002), 261-284
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ABSTRACT
Smooth surfaces from a control grid of arbitrary topology have been widely studied. One problem
for which subdivision and patching methods alike fail to work well in all cases is extraordinary
points whose edges have widely varying knot intervals. This talk presents a patching solution
which generates one Bezier patch per control grid face except those irregular patches (the vertices
have at least one extraordinary point) which is 3*3 bi-cubic Bezier patches. The method also
supports creases.
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ABSTRACT
The numerical solution of partial differential equations is ubiquitous in engineering applications,
where the finite element method (FEM) is the most commonly used discretization, due to its
generality and rich selection of off-the-shelf commercial implementations. Ideally, a PDE solver
should be a “black box”: the user provides as input the domain boundary, boundary conditions,
and the governing equations, and the code returns an evaluator that can compute the solution. This
is surprisingly far from being the case for existing software, despite the research efforts in this
direction and the large academic and industrial interest.
We propose an integrated pipeline, considering meshing and element design as a single challenge:
we make the tradeoff between mesh quality and element complexity/cost local, instead of making
an a priori decision for the whole pipeline. We generate high quality regular elements for most of
the volume of the shape, with more complex and poor-quality polyhedral shapes filling the
remaining gaps [1, 2]. Our idea is to match each element to a basis construction, with well-shaped
elements getting the simplest and most efficient basis function.
A spline basis on a regular lattice has major advantages over traditional FEM elements, since it has
the potential to be both accurate and efficient: it has a single degree of freedom per element, yet, it
has full approximation power corresponding to the degree of the spline. This observation is one of
the foundations of isogeometric analysis [3]. Unfortunately, it is easy to define and implement
only for fully regular grids, which is not practical for most input geometries.
We propose a hybrid construction that sidesteps this limitation: we use spline elements only on
fully regular regions, and fill the elements that are touching singular edges, or that are not
hexahedra, with local constructions (harmonic elements for polyhedra, triquadratic polynomial
elements for hexahedra). This construction further relaxes requirements for meshing, since it
works on general hexahedral meshes but also directly supports hex-dominant meshes. Our
construction takes advantage of high regularity, adding a negligible overhead over the spline FEM
basis only for the sparse set of non-regular elements. We demonstrate that our proposed PolySpline FEM retains, to a large extent, both the approximation and performance benefits of splines,
at the cost of the increasing basis construction complexity, and at the same time, works for a class
of meshes that can be robustly generated for most shapes with existing meshing algorithms. Our
method exhibits cubic convergence on a large data set, for a degree of freedom budget comparable
to trilinear hexahedral elements, which have only quadratic convergence.
REFERENCES
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ABSTRACT
There is a large variety of splines over irregular meshes that can all be used as isogeometric
elements. This talk gives a classification with some examples and a glimpse at approaches in more
than two variables.
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